We calculate the ratio of shear viscosity to entropy density for a black brane of 5-dimensional Einstein-Yang-Mills Gravity. There is a well-known conjecture that this ratio should be larger than 1 4π and we show that this bound preserves in this black brane.
Introduction
AdS/CFT duality introduced by Maldacena [1, 2, 3, 4] relates two kinds of theories: gravity in (n+1)-dimension and field theory in n-dimension. The most familiar example, the AdS/CFT duality asserts that SU (N ) N = 4 Super Yang-Mills (SYM) theory is dual to Type IIB string theory on AdS 5 × S 5 . There's no way to solve the strongly coupled field theories either analytically or perturbatively. AdS/CFT duality is a technique to overcome this problem. By using this duality, we can translate the strongly coupled field theory into a weakly gravitational theory and vice versa. In the long wavelength limit this duality leads to fluid/gravity duality [5, 6, 7] . Any fluid is characterized by some transport coefficients. These coefficients identify the underlying microscopic properties of fluid which in turn rooted in the field theory interactions at strong coupling. So the fluid/gravity duality would be a proper tool to calculate these coefficients. In this work, our interest is the shear viscosity, one of the transport coefficients. The conservation of energy and momentum in relativistic Hydrodynamics is as follows [8, 9] ,
Note that the term "relativistic fluid" doesn't mean the fluid is necessarily moves near the speed of light. However, the Lorentz symmetry preserves in the relativistic fluid [9] . If there is a chemical potential in the system we have also a current conservation,
One can introduce a parameter expansion ε = l mf p L , where l mf p and L are the mean free path and the characterized length of system or the scale for the field fluctuations, respectively. The scale of field variations has to be large compared to the mean free path, l mf p ≪ L, for the validity of hydrodynamics regime. We know that the regime where the fluid is valid corresponds to a theory with large AdS black holes. We can expand the energy-momentum tensor in terms of ε when it is smaller than 1 [6, 7] .
where η and ζ are shear and bulk viscosities, respectively.
There are different methods to calculate shear viscosity such as: boosted black brane, membrane paradigm and Green-Kubo formula [10] . Two latter formalisms are used in this article. In the Green-Kubo formula approach, transport coefficients of plasma are related to their thermal correlators. the Green-Kubo formula derived from linear response theory [11, 12, 13] can be expressed as,
The ratio of shear viscosity to entropy density is proportional to the inverse square coupling of quantum thermal field theory,
where λ is the coupling constant of field theory. In particular, the stronger the coupling, the weaker the shear viscosity per entropy density. In theories with gravity duals, even in the limit of infinite coupling the ratio η s cannot be made smaller than 1 4π [6] . In the following, we review the black brane in the Einstein-Yang-Mills theory. Then calculate the shear viscosity to the entropy density ratio by two methods of the GreenKubo formula and the membrane paradigm and compare the results. The ratio is found to satisfy the conjectured bound 
Black Brane in 5-d Einstein-Yang-Mills Gravity
Consider the Einstein-Yang-Mills action,
where R is the Ricci scalar, l the AdS radius and F (a) µν the SO(5, 1) Yang-Mills gauge field tensor [14] ,
in which e is the gauge coupling constant, C's are the gauge group structure constants and A
(a)
ν 's the gauge potentials. The metric tensor of the gauge group is,
Variation of the action (9) with respect to the spacetime metric g µν and the gauge potential A (a) ν yields,
where the gauge current and the stress-energy tensor carried by the gauge fields are as follows,
The invariant scalar
λσ for the YM fields is,
So that, the solution for this action will be as below [14] ,
where,
When k = −1 we have topological black hole, dΩ 2 k=−1 = dΣ 2 3 = dθ 2 + sinh 2 θ (dϕ 2 + sinh 2 ϕ dψ 2 ). If k = 1 and for a small portion of the solid angle we have black brane,
). This is a black brane with mass related to parameter m and YM charge e. Event horizon is where g rr (r) = 0. Topology of this black brane is R × M 4 where M 4 is a 4-dimensional manifold with constant positive curvature. The horizon radius r + is obtained as follows,
Here m is replaced in favor of other constants,
Hawking temperature is defined by,
where, κ(r h ) is the surface gravity on the event horizon. In our case temperature is,
For large r + , the temperature is,
The entropy can be found by using Hawking-Bekenstein formula [15] ,
where V 3 is the volume of the constant t and r hyper-surface with radius r + and in the last line we used 1 16πG = 1 so 1 4G = 4π. Notice r is the radial coordinate that put us from bulk to boundary. In the following we apply dimensionless variable u instead of r, that is u = (
in terms of u it found to be
So that,
with µ, ν = 0, .., 3 and F (u) as below,
We use the metric (26) for calculating shear viscosity. The background metric can be perturbed as g µν → g µν + h µν [15, 16, 17] . Considering the abbreviation h µν ≡ φ, the mode equation is found to be,
Now we apply Fourier transformation from (t, x) to k µ = (ω, k) in Eq.(28). Then ignoring the spatial momentum for simplicity, that is setting k = 0 in the Green-Kubo formula, we have,
Then introducing φ = G(u)φ 0 (t, x) where φ 0 (t, x) is the source for both graviton in the bulk and the stress tensor on the boundary, we will get,
with
The long wavelength dynamics of strongly coupled field at boundary can be described in terms of the near horizon data of the black brane solution in the bulk space-time. Therefore, we solve the mode equation close to the horizon using the following approximation in the near horizon limit,
Substituting Eq.(31) into the mode equation (30) gives us,
The above equation has a solution in the form of G(u) = (1 − u) β . By putting this ansatz into the Eq.(32) we can obtain β,
where T is the Hawking temperature. Retarded Green's function on the boundary corresponds to the ingoing mode of near horizon. Due to event horizon properties the outgoing mode doesn't exist. By putting the outgoing solution aside we will have,
Here we consider the following ansatz for the mode equation Eq.(30),
Since we want to normalize G(u) on the boundary, we choose h 0 (u) = 1. So that,
The prescription for calculation of retarded Green's function is presented by Son [18, 19] . We calculate retarded green's function by this prescription as follows:
We deal with this divergence by applying counterterm method S ct , then 
Now we can calculate shear viscosity by using Green-Kubo formula [17] ,
Then the ratio of shear viscosity to entropy density is,
At large r + or high temperature we will have,
3 Membrane Paradaigm Method
Now we calculate shear viscosity to entropy density via membrane paradigm method. Consider the metric as follow
The formula for η s is [19] ,
By considering the metric Eq.(16) and applying Eq.(44) we have,
Comparing Eq. (45) with the Green-Kubo result in Eq. (41) shows that two results not only agree in the large r + limit but also in the next leading order of l/r + where both reduce to η s
As seen in Eq. (47) the next leading term has positive contribution in agreement with 1/4π lower bound.
Chern-Simon diffusion rate
Chern-Simons diffusion rate is an important transport coefficient in the study of nonAbelian plasmas, which parameterizes the rate of transition among the degenerate vacua of a gauge theory [20] .
At high temperatures Γ cs ∼ T 4 , whereas as T → 0, Γ cs ∼ T → 0, i.e., anomalous baryon number violation is suppressed at low temperatures.
Conclusion
We showed that the lower bound of the ratio η/s preserves for EYM black brane. This bound is known as KKS conjecture [17] and considered for strongly interacting systems where reliable theoretical estimate of the viscosity is not available. It tells us that the ratio η/s has a lower bound, η s ≥ 4 π k B , for all relativistic quantum field theories at finite temperature without chemical potential [4, 15, 17] and can be interpreted as the Heisenberg uncertainty principle [15] . This conjecture violates for higher derivative gravities like the Gauss-Bonnet gravity [21, 22, 23] .
We calculated the ratio η/s from two different approaches, the Green-Kubo formula and the membrane paradigm. Two results were found to agree in the leading and next to leading order of l/r + . The large r + limit corresponds to large black holes where the hydrodynamic limit is valid for the corresponding field theory. The Yang-Mills charge appears differently in two methods of calculating η/s and disappears in large r + limit where two methods agree.
